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Abstract 
 
The Alkalai-Silica Reaction (ASR) in concrete was first discovered in the 1940s and has since become a 
well documented problem in structures in Australia and around the world.  The result of ASR can 
result in unexpected and premature deterioration of large and expensive buildings and pieces of 
infrastructure such as bridges and dams.  The nature of ASR means that not only does it reduce the 
capacity of the concrete but also expose it to further deterioration.  It is for this reason that it has 
become a serious concern for the owners of these structures and engineers alike.  There have been 
many studies into the mechanisms that drive ASR, many of which have involved complex numerical 
and mathematical modelling as part of the study.  Due to the complex nature of the reaction there  
are no models that are simple but effective enough to use on a practical basis.  This thesis was 
designed to produce a macroscopic model of the alkali silica reaction using Finite Element Analysis 
(F.E.A.) software in order for engineers to use on a practical basis. 
A simplified model operates by idealizing a scenario and focusing on producing fairly accurate results 
for a given set of parameters rather than try to model the process in its entirety.  These models can 
be very useful when conducting preliminary assessments because they can model the behaviour of a 
system on a macro scale.  Having a simplified model would potentially save a large number of man-
hours and material costs when trying to repair these structures by giving the engineers a greater 
understanding of the current structural state and the extent to which they need to either repair or 
demolish and rebuild. 
Last year, Tracy Knight simulated the growth of ASR in physical specimens, demonstrated the 
reduction in compressive strength of a sample and then showed that the compressive strength could 
be restored by using composite materials to create a confining pressure around the column.  I 
intended to construct a simplified model of the ASR by using the Finite Element Modelling (FEM) 
software Strand7 and then check my model by replicating her compression test results.  A test such 
as this where the model has to replicate certain known characteristics is a good method of validation, 
otherwise the model might predict erroneous behaviour.   
Strand7 does not have the capability to model the crack initiation and propagation which is integral 
in the ASR process therefore an alternate way of replicating the reduction in compressive strength 
needed to be found.  The tensile forces associated with the alkalai silica reaction will be replicated by 
way of elevated temperatures at the nodes.  By encouraging expansion in the localised as a function 
of temperature it recreates the expansion characteristic of the ASR gel along with the tensile forces 
within the surrounding concrete matrix.  
The development of this model started by reproducing the results of a simple compression test on a 
concrete cylinder to achieve a baseline for my results to be reflected against.  Next the nature of the 
ASR would be replicated by way of a temperature being applied at various nodes to induce thermal 
expansion in the concrete and the patterns of cracking investigated.  This is then refined in the next 
stage which  involved applying both the temperature and compressive loading simultaneously to 
confirm that this process replicated the reduction in strength associated with ASR and this was 
verified using a three dimensional model.  The modelling process had been planned to include a 
stage at the end where the three dimensional model would be confined with fibre composites in 
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order to replicate Tracy Knight’s thesis and restore the original strength to the concrete but the work 
load and time constraints did not allow for this to happen.  
Many opportunities exist to extend the work I have begun.  Not enough time has been devoted to 
refining the method of determining how many temperature nodes are required and what type of 
loading conditions various patterns will give.  The ultimate goal of being able to replicate the results 
in Tracy Knights thesis is yet to be achieved.  The results of the compressive testing will continue to 
be used to validate the models created.    
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1. Introduction 
 
The term alkali-silica reaction (ASR) refers to an expansive reaction between naturally occurring 
alkalis in the concrete and particular alkali-reactive aggregates that were used in the manufacture of 
the concrete.  This reaction creates a potentially expansive gel in the concrete which is activated 
when exposed to water.  The expansive force of this gel causes cracking in the concrete which can 
greatly reduce its physical properties and lead to a situation where the structure needs to be 
repaired or replaced. 
This process has become a significant problem in Australia as more and more structures are 
diagnosed as being affected.  Since the 1980s there have been procedures used to minimise the 
number of new cases but the structures which were built previously using the reactive aggregates 
are showing signs of distress.  In order to preserve their intended life spans they need to be assessed 
for damage and strengthened via retrofitting.   
The use of finite element analysis as part of the design procedure for concrete structures is becoming 
standard practice in Australia.  The use of FEM of concrete structures extends from slabs, shear walls, 
beams, columns and shell shapes and any complicated combination of these as well as issues such as 
fire ratings, shrinkage and creep.  The ability to incorporate ASR into these models to be able to 
model the strength of an existing structure would be of great use. 
To date there have been several models which have attempted to explain the behaviour of the 
concrete affected by ASR.  Some have focussed on the microscopic behaviour within the structure of 
the concrete while others have addressed the interaction between the aggregate, cement and the 
expansive gel.  These are generally done via the use of complex mathematical models which are 
generally out of the scope of many engineers in the field. 
To develop an accurate model of a structure is not an easy task as concrete exhibits a strong 
nonlinear response to many factors such as bond slipping, cracking, strain softening, and biaxial 
stiffening.  Therefore it is the aim of this study to develop a simple and effective means of 
incorporating a characteristic lost of compressive strength without adding undue constraints and 
complexity. 
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1.1. Project background 
Previous work in 2014 by Tracy Knight was done on strengthening ASR affected piles by wrapping 
with FRPs.  She showed a positive correlation between wrapping with the FRPs and increased 
compressive strength.  This dissertation focuses on using her empirical results to verify a finite 
element model of an ASR affected concrete column subjected to the confining forces of carbon fibre 
reinforcements.   
FRPs are used to ‘retrofit’ a structure when, over the time the structure has been in service, the 
requirements and/or usage of the structure have changed and higher load tolerances are required of 
it.  These materials are also used to repair a structure to return its load bearing capacity to that which 
it was designed for originally.   
There are many benefits to using FRP in repair and retrofit applications such as high strength and 
stiffness to weight ratios, and the repair can be tailored to the structural and operational needs of 
the damaged infrastructure.  However, the most important aspect of FRPs is the speed and relative 
ease of installation.  This is has added implications considering the scope of this report deals with 
bridges which are vital components of the State’s transport infrastructure.  In this type of situation 
the cost of the FRP is often offset by the reduction in labour, shut-down times and site constraints 
(Transportation Research Board 2003).   
There exists here an opportunity to understand and predict this behaviour in ASR affected structures 
so that greater planning and specific solutions can be tailored for each occurrence.  To date the 
modelling has been restricted to complex mathematical models which are out of the scope of many 
engineers.  Finite element modelling software however is widely used in industry for design purposes 
and very accessible to engineers in the field.  Analysis using FEM can vary from simple linear analysis 
which seeks to estimate strength and deflection in conservative adherence with design codes to 
highly nonlinear scenarios where strength and damage from static or dynamic loading is predicted. 
The application of FEM for detailed scenarios where the objective is to understand the behaviour of 
the concrete itself is growing in popularity when assessing existing structures. 
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1.2. Project aims 
 
This project attempts to add to the pool of knowledge about how ASR degrades the strength of the 
concrete and how it can be incorporated into finite element models in a simple and practical manner.  
Ultimately it will result in the development of a functioning simplified mechanical model of the ASR 
reaction that can be easily replicated in industry.   
The complex nature of the reaction and its subsequent effects in the concrete structure is not a 
typical application of FEM software and thus requires careful consideration.  Once the process is 
refined it should provide structural engineers with a valuable tool in creating preliminary 
assessments of structures which have been identified as being affected by the ASR.  Simplified 
models are useful as they can create a basic understanding of the problems that will most likely be 
encountered, in assessing and designing for the maintenance and retrofit of ASR affected structures. 
 
 
1.3. Project objectives 
 
The objectives of this project will be in accordance to the project specification (Appendix A) : 
1. Research the alkali-silica reaction in concrete structures, the causes and processes involved 
in its development. 
 
2. Research FEM theory.  How the models are developed and what is necessary in creating an 
accurate model.  What types of models are generally developed using computer programs 
such as Strand7. 
 
3. Learning the fundamentals of the computer package.  How to implement the ideas and 
theories in order to create a functional model. 
 
4. Using Strand7 to create a two dimensional model to represent the outer layer of the 
concrete column.  Once this is created we will use the temperature load functions of the 
software to simulate the ASR pressure in the unconfined concrete. 
 
5. Reuse this model from Part 1 and generate discreet cracks by creating a line of nodes which 
allow for small spaces between the cracking. 
 
6. Create a three dimensional model, assume that the cracking is symmetrical, use one quarter 
of the model and apply the temperature load function. 
 
7. Retrofit the three dimensional model with a layer of adhesive and a layer of carbon fibre 
composite material.  Apply the temperature loading cases again.   
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1.4. Constraints 
 
 The amount of data and the accuracy of the data from the previous year’s thesis. 
 The practicality of using FEM for this application where it is usually a mathematical modelling 
exercise. 
 Licensing conditions restrict the use of the Strand7 program to the student package.  All 
functionality is accessible but the availability of instructional material for the program is 
restricted. 
 Ability of the programmer to utilise the tools in the package 
 
 
 
1.5. Consequential Effects and Ethics 
 
The aim of this project is to extend the life of existing, damaged structures rather than demolish 
and rebuild them.  This approach is designed to save money by accurately predicting the speed 
and severity of the degradation of a structure and allow for the planning of maintenance and 
retrofitting schedules.  This will allow other projects to progress, reduce the energy 
consumption that materials such as concrete require and reduce the amount of waste 
associated with replacing a structure. 
The FRP are a petroleum based, non-recyclable product which brings into question their 
appropriateness as a proposed building material.  They present a health hazard to the user by 
producing toxic fumes in their manufacture and usage. 
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2. Literature Review 
2.1. Concrete  
When developing a model about concrete it is important to understand how it behaves in various 
situations and under various loadings.  Standardised testing can give us various material properties 
such as compressive strength, tensile strength and the Young’s modulus through uniaxial cyclic 
compressive or tensile loading as well as reversed-cyclic loading.  
2.1.1. Material Properties 
Concrete is a non homogenous material that consists of various grades of aggregate and sand and 
hydrated cement paste (hcp) which is the product of a chemical reaction between Portland cement 
and water.  The area between the hcp and coarse aggregate particles is referred to as the transition 
zone, this is slightly higher in water to cement ratio and thus weaker than the surrounding material. 
When the concrete is subject to loading the failure is seen by a series of crack propagations.  This is 
initiated in the transition zone and begins as a series of microcracks which slowly grow and join 
together ultimately resulting in the loss of strength characteristics 
2.1.1.1. Uniaxial Compression Testing 
Compressive strength is the quality of the concrete to resist crushing loads (Standards Australia 
2002).  The uniaxial compressive strength test conducted in Australia, according to AS1012.8, is 
either a 150x300mm or 100x200mm cylinder, the latter being more common.  Figure 2.1 shows a 
typical stress-strain curve which is divided into the following zones: 
A. Initially the response is linear-elastic, there is a minimal amount of cracks which form within 
the transition zone but do not increase in size while the loading is constant (stable). 
B. Increased crack growth remains stable and the material stiffness is reduced. 
C. Further crack growth begins to become unstable that continue to grow under a constant 
load.  The cracks begin to form in the hcp. 
D. Microcracks in the transition zone and hcp begin to join together and form continuous crack 
systems 
E. Loading continues beyond compressive strength.  This results in a softening stage as a result 
of multiple continuous crack systems.     (Lowes 2000) 
 
 
 
 
 
  
Figure 2.1 - Concrete Response to Monotonic and Cyclic Compression Load (Lowes 2000) 
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Figure 2.1 also shows the cyclical compression loading which follows the general stress-strain curve.  
The stiffness of the load-unload cycles is also roughly equivalent to the stiffness and deteriorates as 
the strain increases. 
2.1.1.2. Uniaxial Tension Testing 
The tensile strength of concrete refers to its ability to resist stretching or bending forces.  Technically 
speaking, concrete is strong in tension but exhibits much greater strength in compression (Mor 
2015).  The primary cause of concern regarding the tensile strength of concrete relates to the need 
for steel reinforcing and the degree a member will have to be reinforced.   
Testing concrete specimens in pure tension is difficult and not common practice.  Modern methods 
in Australia utilize the Brazil method (Figure 2.2), or splitting test, where the cylinder is subject to 
compression along its vertical axis (Standards Australia 2002).   
 
This process is described in AS1012.10 and the equation given as: 
𝑓𝑐𝑡 =
2000𝑃
𝜋𝐿𝐷
 
Where fct = Indirect tensile strength 
  P = Maximum compressive force applied 
  L = Cylinder length 
  D = Cylinder diameter  
 
The important characteristics of the tensile response in Figure 2.3 are: 
i. A linear-elastic nature is observed until the tensile strength is achieved.  At this point small 
microcracks appear in the transition zone. 
ii. Further loading results in a gradual loss of strength.  This is due to the cracks developing into 
continuous systems in both the transition zone and hcp. 
 
  
Figure 2.2 - Brazil Test 
(http://i.ytimg.com/vi/6lkZIrLp_mE/hqdefault.jpg) 
Figure 2.3 - Stress Strain Tensile Curve (Lowe 2000) 
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2.1.2. Fracture Mechanics 
Fracture mechanics (Carpinteri A & Ingraffea AR 2012) is the study of the response and failure of 
structures due to crack initiation and propagation (Shah et. al. 1995). 
The fracture mechanics of concrete are very complex and slowly becoming more understood.  In 
fracture mechanics a material is described as brittle, ductile or quasi-ductile depending on how it 
behaves during failure.  A brittle material fractures and all stresses drop to zero, a ductile material 
will yield while in a quasi-brittle material the stresses gradually decline after the peak stress is 
reached.  The effect this has is that a brittle material will fail in a catastrophic fashion, a ductile 
material will twist and deform well before ultimate failure is reached whereas the quasi-brittle 
material will go through a softening zone as a load deformation response after peak stress is reached 
Shah et. al. 1995) 
 
 
 
 
 
 
The way that a structure fails is not only due to materials but geometry as well.  For ductile materials 
the structure fails when stress on the entire section reaches the material yield strength, in which case 
a strength-based failure criterion can be used.  However, when a brittle material is used the structure 
will fail when the stress in any area is equal to the tensile strength.  In this case the maximum stress 
depends not only on the material but also the geometry and boundary conditions as well so a 
strength failure criterion is not suitable.  In the case of both brittle and quasi-brittle materials an 
energy based equation is more commonly used rather than strength.  In the quasi-brittle materials a 
second failure criterion is needed to completely describe the inelastic energy in the fracture process 
zone to completely describe the softening process. 
The size and shape of the samples has an effect on the results, this is more so with cubes than  
cylinders (Del Viso et. al. 2007). 
 
  
Figure 2.4 – Stress-Strain Failure Curves for Different 
Failure Modes 
(http://www.theconcreteportal.com/cons_rel.html) 
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2.2. Alkali-Silica Reaction (ASR) 
 
In the USA in the 1920s several large concrete structures 
were identified as having severe cracking, but there was 
limited understanding as to why and how this was 
happening.   It wasn’t until 1940 that Stanton noted that 
the hydroxide ions (OH-) and alkalis from the cement paste, 
notably sodium (Na) and potassium (K), were reacting with 
certain types of aggregate.  A gel is formed by this reaction 
which then absorbs water and creates internal tensile 
forces which cause the concrete to crack.  This became 
known as an alkali-aggregate reaction (AAR) of which there 
are three types:    
1. Alkali-Carbonate Reaction.  The alkalis in the 
cement paste react with aggregates such as 
dolomite, this is a type of AAR which  is rarely seen 
in Australia; 
2. Alkali-Silicate Reactions which occur layered silicate rocks react with alkalis 
3. Alkali-Silica Reaction occurs between the alkalis and poorly formed silica aggregates  
(Fernandes & Broekmans 2013). 
ASR was first recognised in Australia by Vivian in the 1950s (Standards Australia 1996).  The ASR 
reaction is not completely understood and changes depending on the chemical and physical qualities 
of the elements used to create the concrete. 
The presence of the gel from the alkali-silica reaction alone is not considered destructive.  Some gel 
does not expand very much , others none at all.  The ASR gel must be high swelling and create 
enough tensile force within the concrete to form cracks for the ASR to be considered destructive.   
For ASR to occur there are three factors which are required to happen simultaneously: 
i. Presence of sufficient water to allow the reaction to take place and to expand the gel. 
ii. Presence of sufficient alkalis to create the ASR gel 
iii. The aggregate must be ASR-reactive     (Swamy 1992) 
 
 
  
Figure 2.5 -  ASR in a Bridge in Quebec 
(Fernandes & Broekmans 2013). 
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2.2.1. The Mechanism of ASR  
The cement used is mostly Portland cement which consists of calcium carbonate (in the form of 
limestone, coral or chalk), alumina, silica (sand) and iron oxide (normally in the form of clay or shale), 
which is sintered at high temperatures with gypsum added at the end of the process (Standards 
Australia 2002).  Sodium (Na) and Potassium (K) are also present mainly due to geological processes 
forming the minerals used and the nature of how cement is manufactured.  The reaction that takes 
place involves the calcium in the portland cement combining with silica and water to form a calcium-
silica-hydrate (C-S-H) gel: 
 
Equation 2.1 - The Calcium-Silica Hydrate Reaction (Shi et. al.2012) 
The alkalai-silica reaction can be simplified to a two-step process: 
1) Alkali + Reactive Silica -> Alkali-Silica Gel 
The OH- ions break apart the siloxane networks (SiO2) on the aggregate surface 
 
Equation 2.2 - Reaction for the Formation of Alkali-Silica Gel and Silicic Acid (Ichikawa & Miura 2007) 
This generates the alkali silicate gel and silicic acid (SiOH). 
(The R+ denotes a Ca2+, Na+ or K+ ion.) 
The silicic acid immediately reacts with OH- ions to convert to alkali silicate 
 
Equation 2.3 - Formation of Alkali Silicate (Ichikawa & Miura 2007) 
 
2) Alkali-Silica Gel + Moisture -> Expansion 
The resultant oligomeric alkali silicate (alkali silicate gel) is hygroscopic and expands in the 
presence of water 
 
Equation 2.4 - Expansion of Alkali Silicate (Ichikawa & Miura 2007) 
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2.2.1.1. Pore Water Solution 
As the hydration phase of cement progresses there is less and less excess water available but even in 
well cured cement water still exists within this porous medium.  Normally in the pores this is 
expressed as a Relative Humidity (RH) value.  Water acts as a medium by which the alkali use to 
travel to the site, the water is also necessary for absorption by the ASR gel (Swamy 1992).  Hydroxide 
ions are present in large quantities due to the hydration of the cement, it is usual for the concrete to 
have a pH level of 12.5.  The pH is then raised to 13 and higher due to the varying levels of hydroxide 
ions associated with soluble alkalis such as Na+ and K+.  Due to the way that cement is 
manufactured, some of the Na+ and K+ will be immediately present in the pore water and more is 
released later on as the hydration of the cement continues (Standards Australia 2002). 
 
2.2.1.2. Reactive Silica 
Not all aggregates are created equal.  In well-formed aggregate there is a limited amount of surface 
area for any reaction with the hydroxide ions to take place whereas in poorly crystallised aggregate 
the opportunity is much greater.   
The quartz (SiO2) in the aggregate is a three dimensional structure similar to ice, in poorly crystallised 
structures the dissolved hydroxyl ions (OH-) can attach to the Si-O-Si bonds and form Si-OH 
(Fernandes & Broekmans 2013).  The Na and K ions diffuse toward the OH- ions and the gel like ASR 
material is formed.  There is no single composition of the ASR gel and each type will have a different 
ability to swell, varying viscosities and flow rates.  The cracking is then formed due to the hydroscopic 
nature of the gel and the internal tensile forces that the absorption of water creates when the gel 
expands.  
 
Figure 2.6 - Well Crystalised Silicate and Poorly Cyrysltalised Silicates (Ferraris 1995) 
Different aggregates have differing reaction patterns depending on the composition and the way the 
mineral has crystallised (Giaccio 2008).  The following diagram shows the different ways that ASR 
presents itself in various minerals 
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Figure 2.7  - Types of Silicates and their Characteristic Patterns of Cracking from ASR (Ferraris 1995) 
Amorphous silica (opal), chalcedony, cristobalite, tridymite and volcanic glass are all highly reactive 
and can produce an ASR reaction as little as one year.  Whereas granitic and metamorphic rocks need 
a longer induction period and usually take more than 10 years (Giaccio et. al. 2008) 
The size of the aggregate also affects the speed and scope of the reaction.  Smaller aggregates (ie 
sands) that are considered poorly crystallised will react quicker than larger aggregate made from the 
same material due to the smaller aggregate having a larger surface area which gives more scope for 
the reaction to take place  
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2.2.2. Environment 
While the mineral structure is one of the main causes of ASR, the environmental conditions the 
concrete is exposed to can have a significant effect on the reaction (Giaccio et. al. 2008).  One study 
showed that the difference in ambient temperature can speed up the reaction by up to four or five 
times (Fournier et. al. 2009).  This effect declines with time, eventually the colder temperatures may 
reach, and even exceed the higher temperature effects (Richardson 2002). 
 
 
Figure 2.8 - Influence of Temperature on ASR Expansion (Richardson 2002) 
 
Environments where there is an abundance of external alkalis such as deicing salts, coastal areas, 
saline groundwater and water from industrial processes, will increase the expansion, especially when 
cracking is already present (Farny & Kerkhoff 2007) and the exposure to water creates greater 
swelling.   Finally exposure to cycles of wetting and drying, freezing and thawing will increase the 
extent of deterioration due to ASR (Standards Australia 1996).  
2.2.3. Pessimum Effects 
There have been studies to show that there is a ratio of the amount of reactive aggregates to inert 
aggregates that will give the maximum expansion, above or below which the reaction will not take 
place. The process is proportional to the interaction between the amount of reactants and the 
amount of alkalis left after the reaction.  The level of reactants that give the maximum expansion is 
called the ‘pessimum proportion’ (Helmuth 1993). 
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Figure 2.9 - Pessisum Effect in Concrete (Richardson 2002) 
A ‘pessimum size effect’ also exists where a reaction will find a maximum with a particular size of 
reactive aggregate.  As the aggregates get smaller or larger than this size the levels of expansion will 
diminish (Helmuth 1993). 
 
2.2.4. Effects 
Experimental studies have shown that there are two conflicting effects of ASR when dealing with 
strength.  The first is the reduction in compressive strength, tensile strength and e-modulus, while 
the second is a beneficial pre-stressing effect due to the restraining action of the steel against the 
expansion of the ASR.  The literature often states the reduction in the tensile strength which, during 
design for concrete beams in bending is usually ignored, is important for such things as the bond and 
anchorage of rebars and bolts, shear and punching without shear reinforcement. 
The effect of ASR on the integrity of concrete depends firstly on the rate of the reaction and the 
chemical processes that drove it, then on the type of micro-cracking pattern that the reaction causes. 
(Giaccio et. al. 2008).  Damage from ASR is less common than the ASR itself and generally takes the 
form of cracking or differential movement (Richardson 2002).   Studies have reported losses in 
compressive, tensile and ductile strength associated with ASR from 10% of up to 30%. The effect of 
expansion from the ASR reaction can reduce the elastic modulus from 20 – 50% (Hobbs 1988).  
Often the reaction appears but will exhausts itself leaving the structure in a reduced, but still 
serviceable, capacity.  It is suggested that cracks that develop due to ASR can affect the steel 
reinforcement.  There are also concerns with the cracks providing sites for freeze/thaw damage to 
occur (Richardson 2002).  If the damage is extensive enough the structure will have to be demolished 
and replaced, as happened to the overpass in Quebec (Figure 2.5). 
The type of cracking induced by ASR depends on the loading and type/orientation of the 
reinforcement in the concrete.  Depth of cracking can vary from 25-50mm but can extend even more 
(Richardson 2002).  In unreinforced sections of concrete takes the shape of map cracking, this is 
usually associated with differential movement between the outside and inside of the concrete.   
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The confinement of columns using a carbon fibre wrap has been shown to be effective however the 
benefits are not observed until the concrete begins to dilate and fail, this is when the confining 
strength of the carbon fibre adds to the concrete.  ASR affected RC beams are subject to greater 
reductions in shear than in bending, however if there is shear reinforcement there is a pre-stressing 
effect.  It is the degree of expansion at this point that is the issue which is often related to the degree 
of confinement by the rebars (1, 2 or 3 directions).  
Whereas reinforced sections tend to crack in line with the direction of the reinforcement (Hobbs 
1988).   
  Figure 2.11 - Cracking With Reinforcement (Swamy 1995) Figure 2.10 – Map Cracking (Swamy 1995) 
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2.3. Composite Materials 
A composite material is a multiphase material formed from a combination of two or more materials.  
They typically consist of a strength component and a matrix which binds them together.  When 
bound they keep their individual identities and properties but the material as a whole takes on 
improved specific characteristics which the original materials are incapable of possessing if acting 
alone (Lee 1989).   
 
The specific qualities of composite materials can be tailored to cater to specific activities by 
appropriately altering the proportions, distributions, morphologies, degrees of crystallinity, as well as 
the structure and interface between the components used in their formation (Chung 2010).  This 
quality means it is possible to design an appropriate material which is also economically viable.  As a 
result the modern development of these materials is application driven and process oriented as 
opposed to the conventional criteria based on purely mechanical and structural suitability (Chung 
2010).   
 
2.3.1. Fibre-Reinforced Polymer (FRP) 
An FRP is produced using strong fibres bound in a matrix of resin.  The resin is usually a viscous fluid 
which is applied to the fibres and sets as a hard solid when activated.  These polymers are commonly 
known as plastics and have been around since the 19th century but most of the advancements have 
been made in the last 50 years.  Most plastics fall into one of two broad categories: 
1. Thermoplastic – can be formed and reformed using heat (eg. polyethylene, PVC etc) 
2. Thermoset – are harden by chemical reaction and cannot be reused. (eg. unsaturated 
polyesters, epoxies, vinyl esters) 
(Scott Bader 2005) 
2.3.2. Fibres 
The three main types of reinforcement used in composite materials today are glass, aramid and 
carbon fibres.   Reinforcements can contain more than one material.  For instance it may contain a 
combination of glass/aramid, carbon/aramid or carbon/glass.  These combinations take on the 
beneficial attributes of each material; a combination of aramid/glass will possess the impact 
resistance of aramid and the compressive strength of glass (Scott Bayer 2005). 
 
Glass 
Glass fibres are readily available, very strong (a single filament 9-15  
microns in diameter is about 3.5 GPa), non-combustible and 
chemically resistant.  The fibres themselves are made by melting 
products such as sand, kaolin, limestone and colemanite then drawing 
and rapidly cooling the molten glass (Scott Bader 2005).  It is available 
in different forms and grades with the two most prominent being ‘E’ 
(electrical) and ‘C’ (chemical) types with others being R, S or T type.  
The fibres are arranged in either a uni-directional, bi-directional or 
randomly distributed weave all giving different structural properties to 
the composite. There are four main forms which are continuous 
Figure 2.12 - Spool of Glass Fibre 
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rovings, yarn for fabrics or braiding, mats and chopped strand (US Dept. Defence 1997)  
Tensile strength can be reduced by abrasion and these flaws tend to increase under cyclic loads.  The 
tensile strength can also be reduced under sustained static loads and in the presence of water 
(Mahmoud 1997).  
 
Carbon and Graphite 
High modulus, uni-directional carbon fibre composites often have a modulus stronger than steel.  
Both are based on hexagonal grapheme layer networks, while carbon fibres are well ordered on a 
two dimensional plane the bonding between planes is weak whereas graphite is well ordered three 
dimensional structure, making it stronger but a longer and more costly process (US Dept. Defence 
1997). 
These fibres are mostly produced by carbonising polyacrylonitrile (PAN) between 1000°C and 3500°C.  
Other, cheaper, precursors can be used but produce fibres of lower quality.  The degree of 
carbonisation the precursor material undergoes will determine properties such as density and elastic 
modulus, hence a wide range of strength and stiffness requirements can be met (Scott Bader 2005) 
Advantages of carbon fibres are the exceptional tensile-strength to weight and modulus to weight 
ratios, high resistance to corrosion, low coefficient of linear expansion and high fatigue strength.  The 
drawbacks include the high cost, low impact resistance and high electrical conductivity (Mahmoud 
1997). 
Table 2.1 - Strength and Modulus Properties of Carbon Fibres 
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2.3.3. Matrix 
The matrix is formed from a resin which is a general term used to describe the polymer, polymer 
precursor material or mixture that sets in a similar manner to a hard lacquer or enamel.  Polymers 
are composed of long chains of simple repeated units and are generally categorised as thermosetting 
or thermoplastic (Gurit 2015). 
Polyesters (Thermoset) 
Polyester resins, or simply polyesters, are unsaturated polyesters which have thermoset properties 
and are therefore able to be cured from a liquid or solid state.  Generally speaking orthophthalic or 
isophthalic polyester resins and are the most widely used resin systems.  They are robust, relatively 
fast and inexpensive solution for inexpensive applications. 
Vinyl Ester Resins 
These are similar in structure to polyesters but differ with some important characteristics.   They 
have better ability to absorb shock loadings, and hence are tougher and more resilient than polyester 
resins.  Ester groups are degraded by hydrolysis so a vinylester chain has better water resisting 
properties however this usually requires an elevated curing temperature (Gurit 2015). 
Epoxy Resins 
Epoxies are polymerizable thermosetting resins containing one or more epoxide groups (US Dept. 
Defence 1997).  Epoxies are generally superior to most other resin types as far as mechanical 
properties and resistance to environmental factors is concerned.   They have a high strength and 
modulus, low levels of volatiles, excellent adhesion, low shrinkage, good water and chemical 
resistance and are easily processed. (US Dept. Defence 1997)  
The time taken to cure epoxies is greater than polyesters and the basic cost is also higher.  
 
2.3.4. Fibre Volume Fraction 
Since the mechanical properties of the fibres are greater than that of the resins it is logical to 
conclude that the higher the fraction of fibres in the composite the stronger it will be.  There is a limit 
to this as the fibres have to be sufficiently coated and packed in the resin to be held in place.  When 
being done by hand this ratio is about 30-40% while in very sophisticated and strictly controlled 
conditions it is closer to 70% FVF (Gurit 2015). 
 
2.3.5. Geometry and Orientation of Fibres 
The orientation of the fibres is important as the main mechanical properties are directed along the 
longitudal axis.  If the magnitude and direction of the loads are known then these anisotropic 
qualities of the composite can be orientated in whichever way the stress at that point in the 
structure requires.  This distinguishes composites from metals in the way that a composite material 
itself designed for the task it will be used for. 
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2.3.6. Mechanical Properties 
The choice of fibre and resin used must be matched in order to utilise the full mechanical properties 
of the fibre.  The graph shows the stress/strain properties of different fibres, if the S-glass fibre was 
used the full extent of its tensile strength would not be utilised if the resin did not yield to at least 
5.6%.  In this case the epoxy resin does so and the fibre’s tensile strength will be fully utilised. 
 
Figure 2.13 - Typical Stress-Strain Failure 
   
2.3.7. Fabrics and Preforms 
A fabric is an assortment of one or more layers of fibres either woven or held together by a 
secondary material.  The types of fabrics are sorted according to the stand weight, tow (bundle of 
fibres) or strand count, complexity of weave pattern, and fabric finish.  Generally the cost is related 
to the weight and thickness of the weave (US Dept. Defence 1997).  
Drape refers to the ability of the material to conform to a complex surface and crimp refers to the 
degree of deformation involved in weaving the strand under and over other strands 
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2.4. Finite Element Model 
The Finite Element Method is a very versatile numerical method which started off being used for 
stress analysis applications and has grown to be used on problems involving fluid mechanics, heat 
transfer, diffusion, vibration and electrical and magnetic fields.  It is too difficult to simply define a 
relationship between a complex shape and applied loads, deflections and internal stresses.  The 
complex shape is therefore broken up into a finite number of elements (discretised) that have a 
much simpler form.  From this point the relationships between applied load, defections and internal 
stresses at special known locations on these elements, called nodes, are set and then the forces and 
displacements at the unknown nodal locations determined through a system of algebraic equations 
(Service 2002). 
This has become a very useful and practical tool due to the fact that it can be altered to suit the 
complex shape or unique loadings of the problems.  While FEA is a powerful tool, its accuracy 
depends on the ability to create an accurate model before analysis can begin.   
 
2.4.1. Modelling ASR Affected Concrete using Finite Element Method 
ASR modelling tends to fall into two groups 
i. The formation and expansion processes  involving the chemical reaction kinetics and 
diffusion 
ii. The mechanical fracturing from expansion and deterioration of the structure  
The chemical reaction determines the degree of the ASR reaction whereas the second part describes 
the extent to which the ASR has structurally degraded the concrete.  The model should, ideally, be 
able to do both of these things but the reality is that the chemical reaction is based on so many 
factors that it makes it nearly impossible to make one model to suit every case.  Therefore there have 
been theoretical, semi-emperical and numerical models developed depending on the observed 
qualities of the ASR affected concrete in question.  
2.4.2. Microscopic Models 
Theoretical models are focussed on a representative 
volume element (RVE) where the interaction 
between the ASR gel and a single spherical piece of 
aggregate takes place.  Several chemical reactions 
take place in this space, such as the diffusion process, 
kinetics of dissolution and gel formation and its 
swelling.  The primary objective of this model is to 
describe the pessimum expansion effect (described in 
sect 2.1.3) between the ASR-affected concrete and 
the size of the aggregate. 
  
Figure 2.14 - Representitive Volume Element.  
The grey zone is the unreacted part while δC is 
the thickness of layer with capillary pores and 
cracks (Pan et. al. 2012) 
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One such model was the Delft Lattice Model (Schlangen & Copuroglu, 2007) was created where the 
aggregate structure is modelled using digitized images of a sample of ASR-affected concrete.  Lattice 
models allow the use of linear elastic fracture mechanics to describe the formation of cracks in 
heterogeneous materials.  The lattice is divided up into a 2D triangular mesh with each beam being 
able to transfer a bending moment, normal forces and shear forces.   When a 3D square mesh was 
used 3D shear forces, bending and torsion moments in different directions were added.  To begin 
with all stiffness and strength parameters are equal across the lattice but this can be varied to 
simulate heterogeneity. 
The model is then defined as a lattice under an applied load where the load vector and stiffness 
matrix are known and the displacement vector is unknown.  The normal stress in each element is 
then taken to represent the strength so when an element in the mesh exceeds a certain threshold it 
has to be removed. 
 The mechanism of ASR is shown in the digitized 
image.  It is then discretized as a lattice consisting of 
42000 small beam elements, with three spots 
(shown as black dots) selected as the points where 
the ASR expansion takes place.  The strength 
parameters of the beam elements in the three 
locations were taken from the range in Table 2.2 and 
the stiffness was multiplied by a factor of 10. 
 
 
Table 2.2 - Strength and stiffness of components used in lattice simulation (Schlangen & Copuroglu 2010) 
 
 
 
  
Figure 2.15 Optical photograph of damaged aggregate 
(Schlangen & Copuroglu 2010) 
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2.4.3. Mesoscopic Models 
Meso scale models model the interaction of the aggregate and cement paste in the concrete.  This 
scale model is often used to model the pessimum effect and how it defines the potential worst 
aggregate size. 
Dunant and Scrivener chose to use FEM in 3D by modelling the two phases as discrete.  They 
proposed that the damage was induced by gel pockets growing and cracking the aggregate.  The gel 
pockets were modelled so that they were in perfect connection with their surroundings as they grew.  
The gel was given a linear elastic property while the aggregate was considered to be quasi-brittle and 
followed a damage law.  The gel was grown with a given strain and the reaction was stopped when 
3% of the aggregate had reacted.  The stress created by the growing gel was enough to crack the 
aggregate and surrounding cement paste.  Not only did this show that the cracking was similar to 
experimental observations but it also went toward explaining why there is a loss of stiffness due to 
the aggregate cracking while the cement remained in compression. 
Shin and colleagues using finite element modelling to develop a microstructure-based method of 
investigating the mechanical fracture associated with ASR.   Pictures from an electron microscope 
were used to identify the constituents of concrete and a FEM, including pores, aggregates, voids, 
gels, paste and cracks, was constructed using the images.  The pressure of the gel was reconstructed 
by assigning the gel a fictitious thermal expansion coefficient and temperature change.  Two 
dimensional linear elastic finite element modelling was used and the results were a very good match 
for the empirical data. 
 
Figure 2.16 - (left) Finite element mesh, (right) Microsturctural image (Pan et. al. 2012) 
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2.4.4. Macroscopic Models 
Macroscopic models simulate effects of ASR on a local level and analyse the overall effect of the 
damage caused on a global/structural scale.  These effects are such as the displacement field, stress 
field and damage cracking of the structure.  They generally consist of the mechanical processes and 
the chemical kinetics.  Depending on the model the material may be treated as linear elastic to 
isotropic/anisotropic damage models.  These models are designed to predict deformation against 
loading, possibly involving time factors such as creep, shrinkage and cracking. 
 
2.4.4.1. The Parametric Model  
This was simple and effective, but ignored the complex chemical reaction and treated the 
anisometric expansion as dependent on the stress state.  The expansion in these models was 
modelled as an initial strain propagated by a temperature increase (Pan et. al. 2012).   
The expansion rate was given as: 
 
 
 
∈𝑖
𝑎𝑠𝑟=  {
∈𝑢                                             𝑓𝑜𝑟 0 ≤ 𝜎𝑖 ≤ 𝜎𝐿       
∈𝑢− 𝐾𝑙𝑜𝑔(𝜎𝑖/𝜎𝐿)                𝑓𝑜𝑟 𝜎𝐿 ≤ 𝜎𝑖 ≤ 𝜎𝑚𝑎𝑥  
0                                               𝑓𝑜𝑟 𝜎𝑖 > 𝜎𝑚𝑎𝑥            
 
 
 
σL was considered to be 0.25 MPa at which no restriction of the ASR expansion took place whereas 
σmax is referred to as the inhibition pressure at which no expansion can take place (Herrador et. al. 
2009).  They then added a creep component (εc) to introduce the mechanic strains (Figure 2.18). 
 
Figure 2.18 - Graphic Representation of Model (Herrador et. al. 2009) 
 
Figure 2.17 - Expansion strain rate in terms of compression stress (Pan et. al. 2012) 
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In observance with the proportionality laws the parameters were expanded to include the 
compressive stress state, temperature, moisture and reactivity of the concrete taken into account: 
∈𝑎𝑠𝑟
𝑚 =  𝛽𝑚(𝑡)[𝐹𝑐(𝜎𝑐, 𝑡) ∗ 𝐹𝑇(𝑡) ∗ 𝐹𝑀(𝑡) ∗ 𝐹𝑅(𝑡)]
𝑚 
Where  FC = Compressive stress state 
FT = Temperature 
FM = Moisture 
FR = Reactivity 
βm = Calibration factor for field observations 
 
The expansion factors (FC, FT, FM & FR) were normalised using the calibration factor to simulate the 
results from the field.  It provided very accurate models for the deformation experienced in the dams 
(Figure 2.19) but does not take into account the physical mechanism of the reaction in doing so. 
 
2.4.4.2. Chemo-mechanical Coupling Model 
This model assumed that the progress of ASR was accompanied by the degradation of the 
mechanical properties of the concrete.  It operated under the framework of elastoplasticity and 
ignored the thermal and humidity aspects of the ASR development.  It included temperature at a 
later stage to end up with an expansion rate that was controlled by the alkalai content of the cement, 
the amount of confining stress and the temporal effects of the temperature (Pan et. al. 2012). 
The model was very similar with field measurements and was later used to model the dynamic 
stability of the structure.  A later variation was able to account for the swelling effects of ASR by 
assuming that the products of the reaction filled the surrounding pores and exerted a pressure. 
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3. Finite Element Modelling 
Finite element analysis involves dividing a model into discrete shapes, called elements, which are 
joined at points called nodes.  This system of elements and nodes is referred to as a mesh and is 
defined by boundary conditions and equations derived from relevant laws of physics.  From this a 
system of linear equations can be constructed and unknown variables, such as nodal displacements, 
can be obtained.  The element stresses and strains can then be derived from the nodal variables 
(Strand7). 
There are various stages to consider when developing a finite element model: 
i. The mesh is designed based on the geometry of the physical system 
ii. The material properties must be appropriate and clearly defined 
iii. Boundary conditions must be carefully defined in terms of nodal restraints and externally 
applied loadings 
iv. The type of solver used must be appropriate to the problem.  
There are several complicated mathematical models which focus on various elements but none 
which are easily replicated and useful in practical situations.  A simplified finite element model 
developed for use in industry would therefore be of great use when investigating the effects of ASR 
on large pieces of infrastructure.   
The main challenge presented in the project is that, even though it is quite capable of dealing with 
concrete as a material, Strand7 just not really built for a problem such as this.  The mathematical 
models that deal with crack propagation are written to identify when a crack begins and allocate new 
nodes to the points where the elements have split apart.  Strand7 does not do this and stops its 
calculations when the material begins to fail in such a manner. 
The initial investigations into modelling using Finite element analysis resulted in.....  This project was 
limited to: 
The first stage was to build a simplified 2D model of the concrete to show the forces involved in 
concrete that is unaffected by ASR.  Once this was achieved, methods of simulating the internal 
pressure created by the swelling action of the ASR need to be investigated and applied. 
The second stage involves altering the model to simulate the presence of discrete cracks in the 
concrete 
The third stage requires the same model to be done in 3D.  This model will be a symmetric model 
based on a quarter of the column to save on computational time. 
The fourth stage is designed to use the 3D model and apply the adhesive and carbon fibre to the 
surface of the cylinder to model the affects of the confining stresses 
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3.1. Element Types 
Finite element modelling breaks down a problem into discrete shapes which behave in definite ways.  
The difference between an accurate model that converges well and an inaccurate one is often the 
choice of what elements to use and where to use them.   
In many cases involving stress and strain analysis in which Quad4 elements are used Strand7 will add 
a central node to the Quad4 element and redefines it as four Tri3 elements.  The element matrices of 
the original Quad4 element are then calculated based on the four Tri3 elements (Strand7 2005). 
This improved Quad4 element is not used for plain strain, plain stress or axisymmetric analysis 
involving: 
 Nonlinear soil materials 
 Nonlinear elasto-plastic materials 
 Nonlinear elastic materials with the Max Stress yield criterion  
Due to the difference between the standard Quad4 and the improved Quad4 a nonlinear material 
analysis would be different to a linear analysis even if the stress strain curve was linear. 
If Quad8 or Quad 9 elements are used Strand7 offers an option of using a reduced integration 
scheme.  A stiffness matrix calculated this way will have more 0 eigenvalues and if these are not 
properly restrained the global stiffness matrix will be singular.  This system can have very good 
results as the extra zero eigenvalues can help to improve the performance of the element (Strand7 
2005).   
3.2. Boundary Conditions 
The boundary conditions are an important part of the finite element model as they help to define the 
area being investigated. Essential boundary conditions such as displacements and rotations directly 
affect the degrees of freedom at the nodes.   
Support conditions are used to restrain structures against relative rigid body motions, they are also 
used to calculate the residual forces in the model.  These are generally in the form of pins, rollers and 
fixed supports.  In a two dimensional system there should be at least one translational restraint in 
the x axis, one restraint in the y and a restraint for rotation around the z axis (Felippa 2015) 
3.3. Meshing 
The mesh size determines the accuracy of the model, the fineness of the mesh should be appropriate 
to the properties being modelled.  The mesh should be fine when near cornering or sharply curved 
areas, if it is in the vicinity of point loads, cracks or areas of concentrated reactions or abrupt changes 
in material thickness or properties.  For the remainder of the time a coarser mesh will do as using too 
much fine mesh in these areas will extend the amount of computing time and not contribute greatly 
to the results (Felippa 2015). 
When modelling in two dimensions the opportunity to use a mesh of quadrilaterals should be taken 
over using triangles.  In three dimensions bricks should be used over wedges and tetrahedral should 
be avoided. 
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The element aspect ratio describes the shape of the mesh sections.   Mesh that is too elongated is 
doesn’t necessarily provide bad results but it does tend to cause problems.  As a rule of thumb an 
element aspect ratio of three should be treated with caution and an aspect ratio of 10 should be 
avoided (Logan 2007).  
Physical interface, such as a change in two materials should be seen as an inter-elemental boundary 
and elements should not cross this.  It should be represented as a line of nodes. 
 
3.4. Aspect Ratio 
Essentially this is the ratio of the longest side to the shortest side, as this ratio increases the accuracy 
of the model decreases.  Due to the nature of FEM, this error will be carried on to the surrounding 
elements.  The general rule for this is that compact regular shapes return the best results.  If there is 
an element or shape that has a bad aspect ratio it is best practice to break it up into a series of 
regular shapes (Logan 2007). 
  
3.5. Use of Symmetry 
Symmetry refers to not only the shape of the model but also the material properties, loads and 
boundary conditions that it is subjected to.  By utilising the existence of symmetry a model can be 
greatly simplified which will speed up the results or, alternatively it can allow for a more complex 
mesh formation in the model itself. 
 
 
Figure 3.1 - Use of Symmetry (http://www.ansys.stuba.sk/html/guide_55/graphics/GBAS21.gif) 
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3.6. Natural Subdivisions at Discontinuities: 
It is important to have a node present wherever there is an abrupt change in a condition or 
geometric shape, this represents a point where forces are concentrating and calculations should be 
made in the stiffness matrix to account for this.  Examples of this can be at discontinuous udls, 
sudden contractions in shape, point loads, re-entrant corners and at the surface of holes in members 
(Logan 2007). 
 
Figure 3.2 - Subdivisions at Continuities 
3.7. Sizing of Elements – The h and p methods: 
The aim of the operator is to create a model that will deliver as accurate results as possible.  The h 
and p methods are automated processes that seek to spread the inaccuracy as evenly across the 
entire model as possible.  This adaptive refinement depends on the geometry of the structure, the 
way in which the loads are applied and the boundary conditions (Logan 2007). 
h Method: 
This basically involves adapting the mesh to suit the conditions in the model.  The operator will start 
off with a coarse mesh using appropriate element shapes which will return an acceptable degree of 
accuracy.  These elements are then divided up into a series of regular, more uniform, compact 
shapes.  It is also possible that part of the mesh can be enlarged in regions where stresses do not 
change very quickly.    
p Method: 
The p in this case stands for polynomial and means that the way the model is created adjusts the 
order of the polynomial used in the calculations.  The degree of the polynomials are chosen to suit 
the boundary conditions, loadings and geometry of the model.  A model will be run with a base 
polynomial and then run again with a higher order polynomial to compare results.  Higher order 
polynomials usually achieve better results with the computer doing the iterations automatically. 
P refinement can be done by increasing the degrees of freedom to existing nodes, adding internal 
degrees of freedom or by creating additional nodes on boundaries between elements. 
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3.8. Linear Static Vs Non-Linear Static Solver: 
The linear static solver is the most widely used.  It describes  
The fundamental FEA equation relies heavily on the stiffness matrix [K] to define the behaviour of the 
model: 
       [f] = [K] * [d]  
where:   [F] = Known vector of nodal loads  
         [K]=  Known stiffness matrix  
          [d] = Unknown vector of nodal displacements 
The stiffness matrix [K] is calculated based on the geometry, material properties and the restraints.  
When a load is placed on a member and it begins to deform its stiffness can change in response to 
the changing geometry and the properties of the material change which are altered near the 
ultimate load.  
Linear static analysis makes the following assumptions to simplify the process: 
i. All materials in the structure remain linearly elastic 
ii. The displacements/deflections observed are small 
iii. The boundary conditions do not change once the load is applied 
iv. The loading is slowly applied to avoid a dynamic or inertia effect 
         (Strand7 2005) 
The principle of superposition applies to the linear static solver. 
The nonlinear solver however deals with situations where the behaviour of the model is not a linear 
function of the applied loadings.  Nonlinear behaviour can be evident in geometric nonlinearity, 
material nonlinearity or boundary condition nonlinearity, hence the first three of the above 
assumptions made in linear solver are not applicable to the nonlinear solver.   
The equation that governs the nonlinear solver is: 
𝑓(𝑢) =  𝑝 
Where  f(u) = Total element internal force vector 
      u = Unknown nodal displacement vector 
    p = Global equivalent load vector 
The global stiffness matrix does not exist in this solver due to changing geometric and material 
properties but instead a tangential stiffness matrix is used thorough the iterative process until the 
equilibrium conditions are satisfied.  The solution is said to have converged when the following 
conditions are satisfied: 
i. Displacement Norm 
|∆𝑢|
|𝑢|
<  𝜀𝑢  
Where  Δu = Norm of incremental displacement vector 
   u = Total displacement vector 
  εu = Convergence tolerance 
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ii. Residual Force Norm 
|𝑟|
|∆𝑝|
 <  𝜀𝑟   
Where  Δp = Norm of unbalanced force vector 
       r = Current residual force vector 
 εr = Convergence tolerance 
(Strand7 2005) 
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4. Preliminary Finite Element Modelling 
 
The aim of this thesis is to produce a simplified model of ASR using finite element analysis software 
which can be easily replicated in industry.  Previous models such as the Parametric model (see sect 
2.4.4.1) have sought to recreate the effects of ASR in finite element modelling software, but relied on 
extensive testing and complicated series of parameters.  By simplifying this approach the model will 
confined to simulating the reduction in characteristic strength only.   
The first stage involves creating a model that accurately simulates a healthy concrete cylinder during 
the compression test.  This is to be used as a control model against which the later models will be 
compared. 
The next step will include recreating the internal expansive forces that are created by the alkalai-
silica reaction.  The speed and intensity of the chemical reaction, the locations of the reactive sites 
and the initiation and propagation of cracks is beyond the scope of this thesis.  Instead the internal 
pressures created by ASR will be done using temperature nodes.  This simple mechanism acts by 
causing a highly localised temperature increase at the selected nodes and the expansive nature of 
the immediately surrounding concrete will simulate the expansion of the ASR.  Ultimately the tensile 
forces in the concrete will cause microcracks which will lead to a loss of stiffness as can be seen in 
figure 4.1 
 
 
Figure 4.1 - Stiffness as the reaction progresses (Pan et. al. 2012) 
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4.1. Modelling of Concrete Cylinder Compression Test 
The first step to creating this model is to recreate the mode of fracture of good quality concrete as a 
benchmark and test run it with the linear static solver.  A concrete compression test involves a 
standard sized concrete cylinder subjected to an axial compression force.  Of the three standardized 
sizes 50x100mm, 100x200mm and 150x300mm (Del Viso et. al. 2007) the largest was selected.  This 
dimension is also consistent with the ratio used in the compression testing as per AS1012.9 - 2014.  
The variations of fracture patterns seen in figure 4.2 are due to the inexact interface between the 
concrete cylinder and the steel plates which are applying the force.  Before the test the cylinders are 
cut and ground to ensure the most even force is applied. 
 
The model will be constructed and tested by using a linear solver with several different mesh sizes to 
determine which size gives the best results for the most economical mesh size.  Once the mesh size is 
decided on the model will be run using a nonlinear solver to get the most accurate results. 
  
Figure 4.2 - Concrete Fracture Patterns (ASTM 39) 
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4.2. Linear Static Model 
For a concrete compression test different failure modes are associated with the restraining 
conditions at the end caps.  Since friction is a function of the normal force the movement of the 
concrete ends in contact with the steel plate will reduce as the force increases.  There is not an ideal 
interface between the concrete and the steel plate therefore the normal force is not evenly spread 
across the surface meaning differential movement across the ends. For this model it was assumed 
that there would be an ideal interface between the two and that the end caps are restrained to 
prevent movement in the transverse direction.  The following are the typical fracture patterns which 
are dependent on the confinement of the ends (Murray et. al. 2007). 
 
Figure 4.3 - Failure modes determined by boundary conditions (Murray et. al. 2007). 
 
4.2.1. Axisymmetric Model 
It was decided that, due to the symmetry of both the cylinder and loading, the most efficient method 
would be to use the axisymmetric model.  This takes a three dimensional problem and reduces it 
down to two dimensions by treating the 2D strain plane revolving 360° around the central z axis 
(Logan 2012). 
 
 
 
 
 
 
 
 
 
Y 
X 
Z 
ϴ 
r 
Figure 4.4 - Transform a 3D image to  2D 
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Due to the confinement experienced by the theta co-ordinate, the resultant model was a cross 
section which radiated out from the origin on the Zr plane.  For simplified use in the model the Z and 
r axis were substituted with the X and Y axis.  In axisymmetric models the stresses are largely 
independent of the theta direction but are evident in circumferential strains due to the radial 
displacements.  The shear strains [γzθ, γθz] are zero and the remaining strains [ϵr, ϵθ, ϵz, γrz] in the XY 
plane are used to calculate the stresses [σr, σϴ, σZ and τrz] (Strand7 2005). 
Plates are used in this model due to its two dimensional nature and an external pressure is therefore 
applied via an edge load.  It is important to note that point forces are applied per radian around the 
model so later when nodal forces are introduced a node on the XY plane but this will in fact be 
expressing a thermal load of x degrees per radian around the entire 2π of the model.  As a result the 
amount of force that is being imposed on the model will be a radial ring with a total force of x*2π . 
This is not a consideration when dealing with edge pressures due to the way a pressure works, a 
3MPa pressure is going to be 3MPa all the way around. 
4.2.2. Plates and Meshing 
The subject of the model was to be a 150mm x 300mm cylinder (Del Viso et. al. 2007), which 
converted to a rectangle 75mm wide and 300mm tall.  I maintained an aspect ratio as close to 1 
when subdividing the rectangle so that the results would be as accurate as possible.  The mesh 
consisted of four node quadrilaterals as they are dimensionally stable and avoid issues with stress 
found with the triangular shapes.   
Boundary conditions  
The axisymmetric model is based on the shape rotating around the origin with the model in the x+ 
and Y+ axis.  It is important to supply a sufficient number of restraints in order to avoid rigid body 
motions.  It is advised when creating a solid axisymmetric model to supply restraints in the X 
direction along the Y axis, the effect of not doing so can potentially allow spurious “voids” to form in 
the structure.  
 
Figure 4.5 - Constraints for Solid Axisymmetric Structure (http://mostreal.sk/html/guide_55/g-bas/GBAS2.htm) 
 
The nodes along the bottom face were fully restrained in the X and Y-direction, in accordance with 
the end cap restraints described by the (Murray et. al. 2007) while the nodes along the top were 
restrained in the X-direction only.  Finally a pressure load was placed along the top edge of the 
plates. 
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The material was set as isotropic and the properties such as Poissons ratio and Young’s Modulus 
were chosen according to the AS3600 properties for 40MPA concrete. 
The outcome of the first stage of the model was encouraging.  The stresses in the primary 11 
direction are shown on the left side of figure 4.6 shows that the top and bottom in compression 
while the majority of the middle section is experiencing degrees of tension, which is to be expected.  
On the right side of figure 4.6 the displacement of the elements suggests a failure of the concrete 
cylinder in the same fashion as Type 1 in figure 4.3.   
 
Figure 4.6  -  Standard Compression Test, (Left) Stress in 11, (Right) Displacement in X Direction 
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4.3. Convergence Study 
The purpose of doing a convergence study is to ascertain how fine a matrix needs to be to give an 
accurate result.  The trade off is that a finer mesh will require more time and computing power to 
run but will return a more accurate result.  The size meshes considered were (Table 4.1) and the 
models were made so that there was as little variance in the meshes used as possible.  The material 
properties and boundary conditions were consistent for all models used and the same external 
loading was also placed on all five models. 
Table 4.1 - Mesh Sizes and Results 
Square 
Element 
Dimension 
Number 
of 
Elements 
DX (mm) 
25 36 1.85E-02 
15 100 1.84E-02 
5 900 1.83E-02 
3 2500 1.83E-02 
2 5700 1.83E-02 
1 22500 1.83E-02 
 
 
Figure 4.7 - Convergence study on the linear model 
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From the results in figure 4.7 it can be seen that initially the gains in accuracy were quite large when 
going from a 25mm to a 15mm mesh size but this trend slowed and eventually there is was little gain 
in using a mesh finer than 5mm.  The difference in the number of elements between the 5mm mesh 
and the 3mm mesh ultimately decided that the 3mm mesh was too fine and would slow the process 
down for very little return.  Therefore a 5mm mesh was decided on when running the nonlinear 
static solver. 
4.4. Nonlinear Static Model 
The nonlinear static model required a great deal more thought and research into how to set it up and 
what tables and failure criterion to use to make it work properly.  This is an analysis based on the 
nonlinearity of the material, which is described as elastic and therefore accommodates a nonlinear 
relationship between the stress and strain and it is assumed that there is no plastic deformation.     
4.4.1. Yield Criterion 
The yield criterion is a law which dictates the behaviour of a nonlinear material.  It defines the elastic 
behaviour under any combination of σ1, σ2 and σ3.  Depending on what level of behaviour is focused 
on will determine how we choose to make the concrete perform.  Concrete, even though it is 
technically quasi-brittle in nature (see sect. 2.1.2 Fracture Mechanics), displays some ductile 
properties.  It has an initial elastic phase and displays a significant amount of plastic deformation 
during its softening phase before ultimately failing.  This is not a true ductility as the strains observed 
are due to an incremental deformation due to the formation of microcracks (Carpinteri & Ingraffea 
2012).  
The stress-strain curve in 
this case had to be capable 
of defining both the 
compressive strength and 
the tensile strength of the 
concrete as the model was 
intended to show the 
tensile failure of the 
concrete due to internal 
expansive forces. 
  
  
Figure 4.8 - Tensile and Compressive Stress-strain Curve of Concrete 
(Bajracharya 2010) 
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In many models concrete can be idealized as an elasto-platic material and hence the Mohr-Coulomb 
or Druker-Prager failure criterion are favoured.  The Mohr-Coloumb failure criteria is based on the 
premise that these materials fail predominantly in shear and hence the main factors controlling this 
are the internal angle of friction and the cohesive strength.  Typical values for concrete have the 
internal angle is usually between 33 and 42 deg. and the cohesive strength around 5. 
This is not useful in this application as the internal forces which induce cracking that are of primary 
interest.  For this model the tensile forces need to be tracked which means that other models of 
failure had to be investigated.  Initially the von Mises failure criterion was utilised for this model.  
Von Mises is usually used with ductile materials and the failure criterion is based on the maximum 
distortion energy theory for ductile materials which states that a material will fail when the Von 
Mises stress (Eq. 4.1) reaches the yield point of the 
material (See figure 4.9). 
Equation 4.1 - Von Mises Yield Criterion 
𝜎𝑣𝑚 =  
1
√2
√(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2 
  Where 𝜎1, 𝜎2, 𝜎3 are principle stresses 
 
 
 
It was soon discovered that the Strand7 program did not allow for the Von Mises criterion to be used 
when the material displayed a different failure limit in compression than in tension.  In Strand7 the 
Von Mises solver only refers to the first quadrant (+,+) of the Cartesian graph which only gives the 
results for the tensile qualities and assumes that these are replicated for the compression 
characteristics.  The compressive strength, which is detailed in the third quadrant (-x,-y)  is therefore 
not incorporated into the solution.  
The only solver that considered information from both the 
first and third quadrant was the Max Stress solver which is 
suggested by the program for materials such as concrete.  
The maximum normal stress criterion is based on the 
Maximum normal stress theory which states that a 
material will fail when the maximum principle stress 
exceeds the ultimate strength for that orientation.  This is 
mostly applied to brittle materials and generally deals 
with, but is not limited to, tensile stresses.   
The general idea is that when subjected to a tensile force 
the strength of a material is affected more as cracks will 
contribute to the overall reduction in strength of the 
material. The opposite is not true with compression as the 
cracks will simply be compressed and close together.   
Figure 4.9 - Von Mises Failure Critereon 
Figure 4.10 - Max Strain Failure Criterion 
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This theory operates on the assumption that the material is the same in tension as it is in 
compression and is generally used with brittle materials.  For this criterion it is not advised to use the 
yield strength to define the limit stress since brittle materials have no clearly defined yield point. 
The prediction mechanism therefore works by: 
Equation 4.2 - Max Stress Yield Criterion 
𝑓 = |𝜎1|, |𝜎2|, |𝜎3| = 0 
      
4.4.2. Stress Strain Table      
A stress strain table was created to define the tensile and compressional strength of concrete.   
 
The conditions that the curve had to meet were: 
1) Point of origin; f=0, ϵ=0 
2) Point of maximum compressive stress; f = -fo, ϵ = -ϵo 
3) Slope of curve equal to  
𝑑𝑓
𝑑ϵ
= 𝐸𝑐 for region  0< ϵ <0.45fc  
Two idealised curves were proposed by Ali et. al. (1990) 
1) 
𝑓
𝑓𝑜
= 2.1 (
∈
∈𝑜
) −  1.33 (
∈
∈𝑜
)
2
+  0.2 (
∈
∈𝑜
)
3
 
 
2) 
𝑓
𝑓𝑜
=  
1.9(
∈
∈𝑜
)
1+0.9(
∈
∈𝑜
)
2.1 
Where:  f = Flexural Strength 
   fo = Flexural Strength at Failure 
   ϵ = Strain 
   ϵo= Strain at failure 
 
The Ultimate Strain was found using the equation: 
∈𝑢=  
0.0078
(𝑓𝑜)0.25
 
 
         (Ali et. al. 1990) 
 
The Ultimate Tensile Strength is generally about 1/10 to 1/7th of the compressive strength, so for this 
set of curves it taken as 1/10 as it is the more conservative. 
 
Ali et. al. found that the second equation was the best universal fit for most applications and 
strength characteristics so it was adopted for this model. 
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4.4.3. Results 
For quite some time I was struggling to get results for any of my nonlinear models.  There are large 
sections of this report that are based on the linear models as there were no nonlinear results to write 
about.  By the time the nonlinear versions started to work there was not enough time to go back and 
do them properly. 
At first I thought there might be something wrong with placing an axial loading on an axisymmetric 
model as I couldn’t find any examples of this being done in any of the literature.  During the course of 
the investigation, after checking boundary conditions, meshing and values I decided to try a few 
different types of loadings as well.  I found the program ran perfectly when the loading was placed 
on the side (representing a hoop stress) but continued to break up from the beginning if I tried to 
place the load axially. 
 
Figure 4.12 - Initial Nonlinear Results 
 
The axisymmetric model ran for  quite a long time but still broke up on the first iteration.  The lack of 
convergence of the residual forces vector invited the idea that there were boundary condition issues.  
Figure 4.11 - Stress-Strain Curves 
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The residual forces vector describes the difference between the loadings and the reaction forces 
from the material, if there are rigid body movements then there would be unbalanced forces and 
movement would result.  I tried using the log file to check the summation of the forces  on both the 
elements and in the global load vector but had trouble understanding what the parts of the readout 
were referring to and how to relate it back to the applied forces.   
One problem with the axisymmetric model involves the differences in the way Quad4 plates are used 
between linear and nonlinear models.  In a linear model the Quad4 plate is broken up into 4 Tri3 
elements and the stiffness matrix calculated based on these.  The nature of CST elements limits the 
effectiveness of nonlinear solving techniques as the entire area bounded by the element is 
considered to be a uniform strain.  This simplification may contribute to the difference between the 
two types of models. 
The progress of this dissertation was stymied by the lack of effective models in the initial stages.  
Subsequently, there has been a lot of time and energy put into investigating why the models will not 
work.  In order to be thorough I decided to go back to the start and revisit the fundamental principles 
of creating a finite element model: 
i. The Mesh – To begin with I checked that it was an appropriate size and shape.  It was suitably fine 
for the application and the quadrilateral elements had an aspect of 1.  Initially the mesh in the 
axisymmetric model changed from one size to another to accommodate regions where the nodes 
would be but it proved too difficult to carry through to the 3D models in the final stages.  Since 
the models in the primary stages were not at all complex varying the grading was eventually 
abandoned to avoid any conflicts and stress localisations. 
The elements themselves are appropriate for this type of use.  There was an option of using 
Quad8 or 9 elements which would have been very accurate and better for the outside curved 
surface, there is also a facility in the solver to simplify the integration of these two elements, but 
unless applied in exactly the right conditions they have a habit of returning erratic data. 
ii. The Material Properties – The key to this section is recognising the nonlinear nature of the 
concrete.  A lot of investigation went into finding a suitable stress-strain curve.  At one stage the 
error message said that the 
curve had intersected the 
horizontal axis.  After some 
investigation it was found that 
Strand7 extrapolates a curve 
by maintaining the last known 
gradient (Figure 14.13).  To 
stop this error message the 
curve was adjusted slightly so 
that the final gradients at  
both ends were zero (figure 
14.14) 
F
Figure 4.13 - Table Extended By Maintaining Gradient (Strand7) 
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Figure 4.14 - Revised Table With Zero Gradient Ends 
 
iii.  Boundary Conditions – While checking the boundary conditions I discovered that on the 
axisymmetric model I had to lock the node for the x direction at all points where x=0 .  If this is not 
included it may assume that there is an infinitely small hole along the axis and can sometimes 
result in spurious behaviour at nodes at these points.   
iv. The type of solver used must be appropriate to the problem.  There was a choice between the 
nonlinear static and the Quasi-static solver.  The major difference being that in the nonlinear 
static the load is applied in increasing increments whereas the quasi-static solver applies the 
incrementally as well as taking the speed of the loadings into account.  Nonlinear static was 
chosen for this application as the loading appears over a long period of time.   
The step size of load increments has a great impact on convergence, these were reduced greatly 
to make sure the solution was not breaking up due to the steps being too large.  The automatic 
load stepper was also employed, this regulates the size of the incremental substeps and reduces 
them if certain conditions are met.  Finally the bandwidth was checked and the nodes reordered 
to speed up the solution process.  This really didn’t do much as the model was so small. 
 
The turning point in the process came when I realised that when I was dividing the loadings into 
substeps I had only been dividing the load case and not the freedom case as well.  This accounted for 
the red line in figure 4.12 (which is the geometric conditions) not converging while the blue line 
(which relates to the loadings) was converging well.  Once this was corrected the program converged 
the way it was expected to (Figure 4.15). 
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At 1MPa increments the model converges well for the majority of the program and then starts to 
break up at around iteration #38.  In order to allow the model to run the full length I tried to correct 
this by using a finer scaling to the iterations (0.5 MPa steps and again 0.1MPa steps) but this failed to 
have any real impact.   
Below (figure 4.16) is the model in the last iteration before it stopped converging.  The model 
displays the same characteristics as the linear static model.  
 
 
Figure 4.16 - Model Results at 37MPa (Stress 11, Stress 33, Disp. DX) 
 
Figure 4.15 - Graph Showing Model Converging 
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Figure 4.17 - Stress 11  Results at 38 - 41 MPa 
Figure 4.17 and 4.18 are the stress in the 11 and 33 orientations from step 38 through to 42.  By 
manipulating the legend so it only showed colour within the range [-40, 3.67] which makes the white 
zones show mode the failure is in.  In the 11 and 22 directions the failure is in tension while the 
failure in the 33 direction is in compressionaI had expected this type of behaviour at the final step, 
41MPa, or possibly at 40MPa but not this early in the process.  
 
Figure 4.18 - Stress 22 at 38 to 41 MPa 
 
Figure 4.19 - Stress 33 at 38 to 41 MPa 
This model was run under several loading increments to ensure that the final stages had the chance 
to converge but each time it ended with the 37.5MPa loading being the last increment to converge 
properly. 
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There are two stress-strain curves to consider when analysing these diagrams.   The ultimate failure  
appears to follow the part of the compression stress-strain curve where it reaches a maximum and 
the slope approaches zero  
 
 
Figure 4.20 - Comparison of Linear to Nonlinear Model 
 
Finally, figure 4.20 shows the degree of difference between the linear and the nonlinear performance 
in this test.  The nonlinear is showing a marginally larger displacement for a given loading.
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5. Refined Model 
The next stage in the process involved introducing the effects of ASR to the concrete cylinder.   
5.1. Results From Previous Thesis Concrete Cylinder Compression Test 
Last year two students were able to replicate the deleterious nature of ASR in motar bars by 
immersing them in a NaOH solution (Fig. 5.1).  The aim was to encourage the formation of ASR 
and hence create a 0.2% expansion within 16 days as per ASTM C1260.  Below are the pictures of 
the specimens which are subject to extensive map cracking. 
 
Figure 5.1 - Results From Tracy Knight's Experiments (Knight 2014) 
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The following graph shows the effect it had on the compressive strength of the concrete cylinders. 
When subjected to a compression test the specimens affected by ASR showed a 37% reduction in the 
modulus of elasticity.  The cracking is a response of the quasi-brittle nature the concrete possesses, 
as the process continues the microcracks join up into larger crack networks and there is a significant 
reduction in the stiffness.  The ultimate compressive strength was reduced from the control 
specimens.  Sample set two showed a 47% reduction in compressive strength. 
 
5.2. How to simulate the ASR Testing 
ASR can be present in a sample but exhibit no adverse effect until the right conditions are met, the 
deleterious effects are seen when the ASR begins to expand.  ASTMC1260 defines deleterious 
expansion as greater than 0.2% of the specimen therefore this model must be designed to reflect the 
cracking caused by the internal expansion which brings about the softening of the concrete and 
characteristic loss of compressive strength.  The effects of the reinforcement will not be present in 
this model. 
Internal pressure, designed to simulate the swelling ASR, will be introduced to the concrete by way of 
increasing the temperature at various nodes to encourage thermal expansion by the surrounding 
concrete.  This approach has been done before by Shin (Shin 2009) where a paste was introduced to 
the concrete matrix and assigned a fictitious thermal expansion factor then the temperature was 
increased and the ASR was replicated by the swelling pressure created. 
Initially this will be done without the compressive load imposed on the first model to ensure that the 
results we are observing are happening due to the internal pressure and not the external load being 
Figure 5.2 - ASR effect on characteristic strength (Knight 2014) 
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applied.  This internal pressure should be just enough to exceed the tensile strength of the concrete 
and be seen on the surface as cracking.   
The cracking observed in affected samples is at the 
surface where the internal pressures generated 
encounter the outer layers which lack the containing 
pressure.  Several models will have to be made to 
compare the effects of the depth with which the ASR 
reaction is taking place.  For example, if the cracking 
in the sample cylinders (figure 4.3) was 4mm how far 
toward the centre do the expansive nodes need to 
start?  The rate of thermal expansion of the concrete 
will determine how quickly it expands but what 
temperature and what type of placement do the 
nodes need to be to reflect this pressure?  Do they all 
need to be the same or alter as they get to the 
surface?  In the case of the testing the presence of 
water and ionic compounds closer to the surface 
would imply the reaction is greater with proximity to 
the surface.   
The expansive nature of the concrete due to the influx of temperature can be controlled via two 
different mechanisms.  The first is a simple numerical value assigned as the rate of thermal expansion 
in the linear properties section, the other involves creating a table of thermal expansion vs 
temperature which will allow the rate of expansion to increase at different rates within the same 
model.   The important thing to note at this point is that the temperature is not a factor in the failure 
of the concrete but merely a vehicle to create localised internal stresses intended to simulate the 
development of the ASR.   
To counter any possible reduction in strength from the increase in temperature a Modulus Vs 
Temperature table was created that maintained a factor of one from the reference temperature to 
temperatures well above the scope of the experiments.  This effectively mitigated against any 
nonlinear behaviour due to temperature changes. 
Strand7 operates by assigning a temperature at which no stress is experienced and then the effects 
are based on the difference between the residual temperature and the applied temperatures.  This is 
defined in the global loading conditions section.  The temperature of the particular nodes of interest 
were then assigned values above this and the linear static analysis run to see the effects.  In all of the 
tests the residual temperature was set at 25C°. 
  
Figure 5.3 - Cracking in Cylinders (Knight 2014) 
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5.3. Application of Temperature Nodes in Models 
The mesh was refined for this task to get a more accurate idea of how the material will react to the 
internal forces that will be applied.  The cracking is a highly localised effect so the model has to be 
able to reflect this.  In addition to this, a transition zone had to be established where the newly 
refined mesh meets the original larger mesh.  If the mesh was not stepped from one size to the other 
stress points would concentrate where out of place nodes exist.  
Initially I set out by applying random nodal temperatures in single nodes in models and running the 
program to see the results.  This produced erratic results, depending on the temperature applied and 
where they were placed gave results varying from expansion to contraction as well as wildly 
distorted elements. 
The next configuration I experimented with was horizontal regions where temperature loads were 
assigned across a line of nodes.  I was looking for a combination of the expansive effect of the nodes 
combined with the failure on the surface. 
I experimented with the spacing between lines of nodes, if they were immediately next to each other 
or if the was a different effect if they were spaced farther apart.  It was also important to note the 
depth of the lines from the surface and whether the surface itself was failing from the influx in 
pressure.   
The same methodology was applied to vertical configurations and finally a mix. 
 
5.3.1. Linear Analysis of Temp Load 
The first thing I found out when running this linear analysis was that thermal loads are not treated 
the same way in post processing as external loads.  Previously I had simply used progressively larger 
factors in the loading combinations in order to use the same model to simulate incrementally larger 
loads.  When I attempted this for the thermal loads the program advised me that it cannot calculate 
the combined strain energy density and these combinations had to be set up as primary load cases. 
 
Figure 5.4 - Linear Analysis Horizontal Temp Nodes @ 40 Degrees 
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Horizontal Case Loads 
Figure 5.4 shows two horizontal rows of nodes with a space between them all at a temperature of 
40C°.  The model shows the stress in the 11 plane and the legend is set so that the model does not 
display any colour higher than the tensile yield point, this is an easy method which shows any area 
that has yielded as white. 
It is important to note that once the nodes get to a certain distance away from the surface the 
internal pressure generated does not eventuate as surface cracking. 
The temperature was increased to 46C° to see the direction the cracking would propagate.  Fig 5.5 
shows that the next area to fail is around the nodes themselves. 
 
Figure 5.5 - Linear Analysis Horizontal Temp Nodes Yielding @ 46 Degrees 
 
 
 
 
 
 
 
Figure 5.6 and 5.7 show the expansion of the cylinder and the stress imposed at the nodes with the 
increasing temperatures and the change in the alignment of the nodes.  These are not perfectly 
linear relationships and the final result will not be able to be established until the external loading is 
modelled concurrently with the internal forces. 
 
 
Figure 5.7 - Results Increasing Distance From Surface Figure 5.6 - Stress on Nodes 
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Another trial was to increase the number of nodes in the same pattern to see how it affected the 
stress and displacement in the cylinder.  In the previous model failure was evident at the surface 
nodes at 40 degrees but with the new configuration it can be seen in Fig. 5.9 that there is no cracking 
at the same temperature when the number of nodes affected has increased.  The 46 degree model 
showed that the failure remained the same and simply took an effect over a larger area. 
The shape of the deformation extends to align itself with the affected nodes. 
Vertical Case Loads 
The horizontal lines of nodes went deep into the heart of the sample however in the empirical 
testing the concrete cylinder was submersed in an acidic solution and the cracking was only around 
4mm from the surface.  As stated by Knight (2014) there are many examples of structures that are 
affected by ASR which have shown satisfactory load tests, in these cases it is the durability of the 
structures in question where map cracking has occurred on the surface exposing the reinforcement 
to water.  Therefore it was decided to experiment with nodes in vertical lines closer to the surface to 
compare the results against each other.  
 
Figure 5.8 - Vertical Nodes at 40 Degrees 
 
The same relationship applied as with the horizontally placed nodes where a distance away from the 
surface exists where they stop inducing a tensile failure at the surface. 
 
 
Figure 5.9 - Vertical Nodes at 46 Degrees 
  Chapter 5 Page 51 
 
5.3.2. Nonlinear Analysis of Temp Load 
 
    
Figure 5.10 - Deformation of Nonlinear Model 
The results of the surface deformation on the nonlinear model are shown in figure 5.10.  This is a 
case where the cylinder showed signs of fatigue at 46 degrees.  There is very little difference 
between this and the linear model and the effects of the temperature nodes are very apparent. 
 
5.4. Combined Temperature and External Loading 
At this point in the process I was faced with the problem of how to apply the loadings.  The sample in 
the testing done in last year’s dissertation was exposed to the expansive effect of ASR first and then 
subject to a compressive load.  To model this would mean that I would apply the full temperature 
loading incrementally and then apply the external loading incrementally.  However this model is to 
be used for concrete in the field which would be subjected to the compressive load well before the 
expansive effect of ASR became a problem.  In this case it would make sense to apply the full 
compressive load incrementally and then apply the full temperature loading incrementally.  The 
intermediate case would involve incrementally applying alternative loadings.   
5.4.1. Linear Analysis 
This would not present itself as a major problem while using the linear solver as it ignores materials, 
geometry and boundary conditions.  Theses will have an effect though on the way the shape deforms   
as elements will deform in a path determined by the previous iteration.  I decided that the best way 
to investigate this was to run a few scenarios side by side and compare the effects of the loadings as 
they varied. 
In order to do this I had to set up an axisymmetric model that had the load steps as primary loading 
cases as the linear solver would not combine the external loading and temperature loadings as a load 
case combination.  For each node temperature three different external loadings (20, 25 and 30MPa) 
were given to observe the combined effects.   
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The linear results showed that for a given external load as the node temperature increased the 
displacement in the x direction also increased.  This is expected as the temperature is creating an 
expansion in the concrete and the poissons factor would determine how the element would elongate 
horizontally when a force was placed on it vertically.. 
 
 
Figure 5.11 - Effect of Temperatures at Nodes 
A better observation of the behaviour happened when the nonlinear solver was run due to the 
difference in the way the solver worked.  
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5.4.2. Nonlinear Analysis 
The solver for the nonlinear analysis of the model allowed separate external loadings and nodal 
temperatures to be combined through the use of factors in the solver itself.  This was distinctly unlike 
the linear analysis which only allowed one primary loading which meant that if the loading was 
factored up both the nodes and the external load would be factored up equally.  The result was that 
a nodal temperature for a given arrangement could effectively be analysed for all loadings, 
conversely a particular loading could be analysed for a range of temperature nodes.  The issue of 
loading orders is addressed in Section 7.1. 
 
For both of the above loadings (Fig. 5.12 and 5.13) the nodes were first brought to full temperature 
(steps 1-20) and then the loading was gradually applied (steps 21-41).  This process allowed me to 
observe the expansion due to the temperature and the tensile cracking which results and then the 
effect of the compression force allows for a stress strain curve to be produced.  The counteraction of 
the expansive forces mentioned in the Parametric model (refer Section 2.4.4.2) is showed here 
where there is a reduction in the displacement in the Y direction as soon as the compressive force is 
applied. 
Figure 5.12 – 50 Deg. Nodes Step 20, 22 & 37 Figure 5.13 - 30 Deg. Nodes Step 20, 22 & 37 
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As can be seen on the chart below (Fig. 5.14) the Stress-Strain curve is unaffected by the 
temperature nodes even though their effect on the concrete through tensile failure can clearly be 
noted in figures 5.12 and 5.13.  The two curves fit perfectly on top of one another which means that 
the Strand7 program is unable to use temperature nodes to recreate the depletion in the modulus.   
 
Figure 5.14 - Stress-Strain Graph with Temperature Nodes 
 
The depletion of the concrete will be observed using the max stress failure criterion rather than the 
modulus.  The difference between this model and the actual process lies in the fracture mechanics 
where, in a quasi-brittle material, the surrounding stress is relieved when the crack is formed 
however that process is not at play here and no softening can be observed. 
Finally Fig. 515 shows the results of a 40MPa concrete cylinder that has been subjected to a load of 
30MPa and is failing in tension due to the temperature nodes (48deg).  This constitutes a 25% 
reduction in strength based on the Max Stress criterion. 
 
Figure 5.15 - $0MPa Concrete Subjected to 30MPa Load With Temp Nodes 
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6. Three Dimensional Model 
The three dimensional model is required to provide a comparison and add legitimacy to the 
simplified two dimensional model. 
The first step was to decide on the most appropriate type of three dimensional model to develop.   
If the 3 dimensional version were to be done as a symmetric model it would make sense to do it as a 
single radian sector symetric model (figure 6.1) as opposed to the 90 degree section in figure 6.2.  
This chice would make the comparison to the original as simple as possible as the axisymmetric 
model calculates its results for a one radian section.   However, due to the small and uncomplicated 
nature of the model it was decided it could simply be built as a complete cylinder.  By doing it this 
way the results will have to be multiplied by 2π. 
The next issue is the type of meshing used on the model.  When the US Department of Transport 
created a FE model of a concrete cylinder they used the meshing shown in figure 6.3.  Different 
meshing are going to give different results, but again it seems that the choice is driven by the 
compatibility with the axisymmetric model.  The Dept. Of Transport’s method would be a good 
approach if it were not for the fact that it will not be able to provide a ring of nodes equidistant from 
the central axis to simulate the axisymmetric model.  Therefore it would be a better option to create 
a mesh that was similar to the axisymmetric model (figure 6.4) and extruded radially to give a banded 
appearance.   
It is important to continue the use of the same charts and tables as well as other basic material 
properties. 
Figure 6.1- Single Radian Sector Symmetric Model 
 
Figure 6.2 - 90 Symmetric Model 
Figure 6.4 - Complete Cylinder (US Dept Roads Mesh) 
Figure 6.3 - Complete Cylinder (Sector Meshing) 
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After significant time was spent trying to replicate the varying mesh sizes developed for the 
axisymmetric model it was decided that the mesh would be even throughout.  What was a simple 
application in two dimensions was beyond my skill to replicate in three dimensions. 
 
6.1. Linear Static Analysis 
The linear static model of the compression showed very positive results.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The sector symmetry model was able to produce a diagram very similar to the axisymmetric model.  
It was decided though that it would be simple enough to develop the model as an intact cylinder and 
run the test for the axisymmetric model from that.  Consideration when using this model was 
required as the results for the temperature nodes would be 2π greater than the axisymmetric model. 
Figure 6.6 - Linear Results 3D Sector Symmetric Model 
Figure 6.5 - Linear Results 3D Cylinder (US Dept. Transport Mesh) 
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Brick Size
(r & Z) 
Number 
of Bricks DY
25 234 -0.00874448
15 1500 -0.00874723
12.5 2592 -0.00874773
7.5 12320 -0.00874858
5 42300 -0.00874894
3 180000 -0.00874916
Table 6.1 - Brick Size and Displacement 
A convergence study, as was done in Part 4.3, was then done to 
determine how fine the mesh in the 3 dimensional model 
needed to return accurate results.  The bridck sizes considered 
were 25mm, 15mm, 12.5mm, 7.5mm, 5mm and 3mm.  These 
values are true for the r and Z orientations of the bricks but 
the outer and inner sides are determined by the theta and are 
always going to be longer on the outer edge.  To decide how 
many theta divisions were going to be used fo r each model a 
ring halfway between the centre and the outer edge was calculated and divided by the length of the 
mesh size.  This way the mesh size was correct for the centre line and diverged evenly either side of 
it.  
The run time of the linear 3mm mesh model was over three hours without a great imporvement over 
the 7.5mm mesh which took one hour.   
  
Figure 6.7 - Linear Results 3D Cylinder (Radial Mesh) 
Figure 6.8 - Convergence Study for 3 Dimensional Model 
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6.2. Nonlinear Static Analysis 
The idea of using the complete cylinder was abandoned once the nonlinear solver was started on the 
7.5mm mesh model.  After four hours it was still going and it was apparent that an alternative was 
needed.  The 7.5mm one radian sector symmetry model had 2000 bricks as opposed to the 7.5mm 
full cylinder which had 12000.  It had showed good results in the linear analysis and is the easiest to 
apply to the axisymmetric model. 
Following is a comparason between the axisymmetric model, the full three dimensional model and 
the sector symmetric model.  All have been allocated a simplified 7.5mm mesh throughout to make 
the comparison accurate.  It shows that the three models are all behaving the same way under the 
same conditions. 
 
Figure 6.9 - 7.5mm Axisymmmetric Model 
 
 
Figure 6.10 - 7.5mm Full 3D Cylinder Model 
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Figure 6.11 - 7.5mm One Radian Sector Symmetric Model 
To test for similarities measurements of expansion in the X/R and Y/Z directions were made.  The 
graphs of the results can be seen below as Fig. 6.12 and 6.13. 
 
 
Figure 6.12 - Comparison of Three 7.5mm Models in DX 
Fig. 6.12 shows that the axisymmetric and the sector symmetric behave very similarly through the 
course of the loading.  The variation in the three dimensional model may have been due to an 
oversight when defining the freedom load increments in such a way that they did not match the 
other two models. 
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Figure 6.13 - Comparison of Three Models in DY 
Again the axisymmetric and the sector symmetric showed very close results.   
The results on all three models had to be reduced to 38 increments rather than 40 due to spurious 
results from unconverged final iterations. 
 
6.3. Addition of Temp Nodes 
The nodes which are on the axisymmetric model represent the temperature which is sprerad through 
the one radian section, therefore care must be taken when allotting temperatures to nodes in the 
sector symmetric model to ensure the same amount of energy is dispersed over the one radian 
section. 
Incresase in Temp   46-25=21 
Divided by Number of Nodes 21/5=4.2 
Temp of Each Node  25+4.2=29.2 
Factor Required in Solver 29.2/26=1.123 
 
Figure 6.14 and 6.15 show the sector symmetry model response compared to the axisymmetric 
response to the same loading.  They are shown with the same progression across the diagram but 
the axisymmetric development happened slightly quicker, a slight error in the calculation of the 
temperature nodes in the sector symmetric diagram can be attributed to this.  Overall the effect is 
very similar and the failure in fatigue is quite apparent. 
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Figure 6.14 - Stress Development in Axisymmetric Model 
 
 
 
Figure 6.15 - Stress Development in Sector Symmetric Model 
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The graph (figure 6.16) shows the stress at the nodes between the top two rows of temperature 
nodes.  From left to right the nodes are very similar until the fourth node which was located on the 
outer surface.  The reason for the discrepency is most likely due to the slight variation in the degrees 
of freedom between the two models.  The axysymmetric model is fixed against rotation in the z axis 
whereas the three dimentional model is not fixed for rotation in any direction.  This constraint, 
especially at the edge where only one side is confined, could add to the stress in the two dimensional 
model. Other nodal constraints for the sector symmetric model could have contributed to this as 
well. 
Figure 6.16 - Comparison of Stress Development Between Two Models 
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7. Discussion 
7.1. Order of Loadings 
During the modelling it was noticed that the order the loadings were imposed affected the integrity 
of the structure itself.  If a significant amount of temperature was applied to the nodes before any 
loading was imposed there was tensile failure around the nodes due to the expansion not being 
consrtained.  However if the loading was imposed first and the temperature was applied second 
there were times when no tensile failure occurred at all. 
 
Figure 7.1 - External Load Applied Followed By Node Temperatures 
 
Figure 7.2 - Node Temperatures Applied Followed By External Load 
Cracking isn’t a parameter that this program involves but once the cracking has occurred in a quasi-
brittle material the properties change accordingly.  As shown in the progression the crack would 
close once the external load is applied but the inherent strength that was there is no longer there 
because the bond has been broken. 
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Figure 7.3 - Comparison of Load Deflection Curve For Both Combinations 
In terms of Knight’s study her samples were created and exposed to chemicals to induce the ASR but 
all of this was done while the specimen was unconfined.  This would have meant that the amount of 
ASR required to induce cracking would have been significantly less than if they were under load at 
the time.  This is reminiscent of Richardson (2002) who observed that several structures had 
developed significant ASR but not experienced any softening related activity.  
This isn’t so much a problem for studies such as Knight’s where the cracking is needed in order to 
perform the test.  It does however pose a problem when trying to create an accurate model of the 
cylinder when it is subject to confinement or when a structure where the concrete will be under load 
for a considerable period of time before the reaction even starts. 
This particular characteristic has made the parametric study for this dissertation particularly difficult.  
For the loading case where the temperature is applied first, for a given concrete strength, the failure 
in tension occurs quicker as the temperatures present at the nodes increase.  However if there is an 
external loading applied first it is highly dependent on the size of the external loading as to how high 
the nodal temperature needs to be to induce tensile failure; it is simply a case of action-reaction.  
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7.2. Conclusions 
The purpose of this dissertation was to develop a simplified model of the alkali-silica reaction for use 
with FEA software.  The constraints of the software are that it does not have any facility to create 
and propagate cracks which itself is a significant part of the behaviour of concrete. To circumvent this 
shortcoming temperature nodes were employed to create expansion and induce premature tensile 
failure in the concrete thus replicating the reduced strength. 
Due to the way that a simplified model works it will only replicate certain characteristics of the 
system it is modelling.  In this case the reduction in the overall strength of the concrete is not seen as 
a change of slope in the stress-strain curve but rather a hastening of the concrete to fail in tension.  
This has been proven in the body of this dissertation where stress-strain graphs do not alter with the 
introduction of temperature nodes but the tensile failure happens at a lower external loading. 
The temperature characteristics of the axisymmetric model were tested against a sector symmetric 
model due to the runtime the full cylinder would take.  The results were mostly comparable with the 
outer face showing dissimilarity.  This was put down to a problem with the freedom conditions of the 
models themselves. 
Problems were encountered when trying to plan how this would be mainly due to the way the 
temperature nodes work to induce tensile stress.  The simple loading procedure where the 
temperature load is applied first and the external loading second is fine for the primary strength test 
done by Knight but the confinement stage will present issues.  
This thesis came short of its intended goals, not due to poor planning but rather the requirement of 
learning a new piece of software.  Several months were lost trying to find the reason the nonlinear 
models would not converge but this ultimately lead to a much greater understanding of how the 
process works.  
 
7.3. Recommendations 
This thesis was able to meet the initial objectives but fell short of the ultimate goal to model the 
confined concrete and replicate the results found by Knight in 2014.  Therefore the 
recommendations for continuing research would be: 
1. The next stage would be to apply the confinement to the axisymmetric model and test to see if 
the confining stress reinstates the concrete strength in a similar fashion to Knight’s results. 
2. The next step would be to repeat this test with a three dimensional concrete cylinder.  The 
results should be the same as the axisymmetric model and similar to Knight’s.  
3. Further investigation into the parametric study is warranted.  This is where the practical 
application will eventuate from.  The eventual aim would be to create a series of comprehensive 
tables or develop the equations required to consistently recreate these results. 
4. Possibly examine this model with the function for creep as well considering that this is a reaction 
that occurs over a significant period of time.  Other models (see parametric model Sect. 2.4.4.1) 
have used the creep function to alter the stresses imposed on the nodes over time. 
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Appendix D: Stress Strain Table 
 
 Fig. 4.11 
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Stress Strain
Tensile
Stress
-0.0035 -37.58459202 0 0
-0.0031 -37.58459202 0.00001 0.345451
-0.0029 -38.41847493 0.00003 1.036251
-0.0027 -39.13060125 0.00005 1.726723
-0.0025 -39.66835043 0.00007 2.416622
-0.0023 -39.96586817 0.00009 3.105693
-0.0022 -40 0.00011 3.793674
-0.0021 -39.94276106 0.00015 3.793674
-0.0019 -39.50400647
-0.0017 -38.54208419
-0.0015 -36.9425995
-0.0013 -34.59466521
-0.0011 -31.4067127
-0.0009 -27.32687065
-0.0007 -22.36454263
-0.0005 -16.60701956
-0.0003 -10.22344961
-0.0001 -3.449836187
0 0
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Appendix E: Graphs and Data 
 Fig. 4.20  
 
 
Axisymmetric Model
Mpa MaxDisp Mpa MaxDisp Mpa MaxDisp
1 4.98E-04 0.5 2.94E-04 21.92857 0.012896
2 9.96E-04 1.571429 9.23E-04 23 0.013527
4 1.99E-03 2.642857 1.55E-03 24.07143 0.014157
6 2.99E-03 3.714286 2.18E-03 25.14286 0.014788
8 3.98E-03 4.785714 2.81E-03 26.21429 0.015419
10 4.98E-03 5.857143 3.44E-03 27.28571 0.01605
12 5.98E-03 6.928571 4.07E-03 28.35714 0.016681
14 6.97E-03 8 4.70E-03 29.42857 0.017312
16 7.97E-03 9.071429 5.33E-03 30.5 0.017943
18 8.96E-03 10.14286 5.96E-03 31.57143 0.018574
20 9.96E-03 11.21429 6.59E-03 32.64286 0.019205
22 1.10E-02 12.28571 7.22E-03 33.71429 0.019836
24 1.20E-02 13.35714 7.85E-03 34.78571 0.020467
26 1.29E-02 14.42857 8.48E-03 35.85714 0.021099
28 1.39E-02 15.5 9.11E-03 36.92857 0.02173
30 1.49E-02 16.57143 9.74E-03 38 0.022361
32 1.59E-02 17.64286 1.04E-02
34 1.69E-02 18.71429 1.10E-02
36 1.79E-02 19.78571 1.16E-02
38 1.89E-02 20.85714 1.23E-02
Linear Nonlinear
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 Fig. 5.7 
 
 Fig. 5.6 
 
  
Displacement (mm)
Offset 30 40 46
0 8.95E-04 2.69E-03 3.76E-03
1 7.75E-04 2.33E-03 3.26E-03
2 6.03E-04 1.81E-03 2.53E-03
3 4.78E-04 1.43E-03 2.01E-03
4 3.95E-04 1.18E-03 1.66E-03
Reaction Force at Node (KN)
Offset 30 40 46
0 6.85E-04 2.06E-03 2.88E-03
1 5.21E-04 1.56E-03 2.19E-03
2 3.42E-04 1.03E-03 1.44E-03
3 2.00E-04 5.99E-04 8.38E-04
4 1.63E-04 4.88E-04 6.83E-04
  Chapter 9 Page 78 
 
 Fig. 5.10 
 
 Fig. 5.11 
 
Nonlinear
Displacement
Offset 30 40 46
0 8.95E-04 2.69E-03 3.77E-03
1 7.75E-04 2.33E-03 3.34E-03
2 6.03E-04 1.81E-03 2.54E-03
3 4.78E-04 1.43E-03 2.00E-03
4 3.95E-04 1.18E-03 1.65E-03
Node Offset From Edge
Node
Temp 0 1 2 3 4
26 9.26E-03 9.22E-03 9.17E-03 9.12E-03 9.08E-03
30 1.06E-02 1.04E-02 1.01E-02 9.86E-03 9.66E-03
35 1.22E-02 1.19E-02 1.13E-02 1.08E-02 1.04E-02
40 1.38E-02 1.33E-02 1.25E-02 1.17E-02 1.11E-02
46 1.58E-02 1.51E-02 1.39E-02 1.29E-02 1.20E-02
50 1.71E-02 1.63E-02 1.48E-02 1.36E-02 1.26E-02
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 Fig. 5.14 
 
  
Stress Strain
50 Deg. 30 Deg.
0 2.85E-05 2.85E-05
1 5.18E-07 5.18E-07
3 5.55E-05 5.55E-05
5 1.12E-04 1.12E-04
7 1.69E-04 1.69E-04
9 2.26E-04 2.26E-04
11 2.84E-04 2.84E-04
13 3.44E-04 3.44E-04
15 4.05E-04 4.05E-04
17 4.67E-04 4.67E-04
19 5.32E-04 5.32E-04
21 6.00E-04 6.00E-04
23 6.71E-04 6.71E-04
25 7.46E-04 7.46E-04
27 8.27E-04 8.27E-04
29 9.15E-04 9.15E-04
31 1.01E-03 1.01E-03
33 1.12E-03 1.12E-03
35 1.26E-03 1.26E-03
37 1.43E-03 1.43E-03
39 1.73E-03 1.80E-03
41 6.65E-03 5.45E-02
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 Fig. 6.12 
 
  
DX
Load Axi 3D Sect Sym Load Axi 3D Sect Sym
0.05 2.2E-05 2.2E-05 2.19E-05 21.05 0.009874 0.009873 0.009579
1.1 0.000483 0.000483 0.000471 22.1 0.010441 0.01044 0.010134
2.15 0.000945 0.000945 0.00092 23.15 0.011039 0.011038 0.010694
3.2 0.001406 0.001406 0.001369 24.2 0.01165 0.011648 0.01129
4.25 0.001871 0.00187 0.001821 25.25 0.012273 0.012271 0.011885
5.3 0.002336 0.002336 0.002274 26.3 0.012937 0.012935 0.012515
6.35 0.002802 0.002801 0.002727 27.35 0.013601 0.013599 0.013164
7.4 0.003271 0.00327 0.003182 28.4 0.01433 0.014328 0.013834
8.45 0.003745 0.003745 0.003644 29.45 0.01506 0.015058 0.014549
9.5 0.00422 0.004219 0.004105 30.5 0.01587 0.015869 0.015282
10.55 0.004697 0.004696 0.004567 31.55 0.016695 0.016693 0.016079
11.6 0.005185 0.005184 0.005042 32.6 0.017615 0.017614 0.016912
12.65 0.005674 0.005673 0.005518 33.65 0.0186 0.018598 0.017812
13.7 0.006165 0.006164 0.005993 34.7 0.019666 0.019665 0.018805
14.75 0.006672 0.006671 0.006484 35.75 0.020891 0.020889 0.019879
15.8 0.007181 0.007179 0.006979 36.8 0.022312 0.022312 0.021083
16.85 0.007693 0.007691 0.007473 37.85 0.024031 0.024031 0.022498
17.9 0.008227 0.008225 0.007989 38.9 0.026158 0.026171 0.024244
18.95 0.008761 0.008759 0.008509 39.95 0.084057 2.116653 0.026632
20 0.009306 0.009305 0.009029 41 1.303127 2.146347 0.031394
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 Fig. 6.13 
 
 
  
DY
Load Axi 3D Sect Sym Load Axi 3D Sect Sym
0.05 -4.19E-04 -4.19E-04 0.000419 21.05 -1.89E-01 -1.89E-01 0.183354
1.1 -9.22E-03 -9.22E-03 0.009007 22.1 -2.00E-01 -2.00E-01 0.193965
2.15 -1.80E-02 -1.80E-02 0.017594 23.15 -2.11E-01 -2.11E-01 0.204802
3.2 -2.68E-02 -2.68E-02 0.026181 24.2 -2.23E-01 -2.23E-01 0.216141
4.25 -3.57E-02 -3.57E-02 0.034819 25.25 -2.35E-01 -2.35E-01 0.227626
5.3 -4.46E-02 -4.46E-02 0.043484 26.3 -2.47E-01 -2.47E-01 0.239699
6.35 -5.34E-02 -5.34E-02 0.052149 27.35 -2.60E-01 -2.60E-01 0.252127
7.4 -6.24E-02 -6.24E-02 0.060868 28.4 -2.74E-01 -2.74E-01 0.265092
8.45 -7.15E-02 -7.15E-02 0.069695 29.45 -2.89E-01 -2.89E-01 0.278739
9.5 -8.05E-02 -8.05E-02 0.078527 30.5 -3.04E-01 -3.04E-01 0.292968
10.55 -8.96E-02 -8.97E-02 0.087388 31.55 -3.20E-01 -3.20E-01 0.308207
11.6 -9.90E-02 -9.90E-02 0.096459 32.6 -3.38E-01 -3.38E-01 0.324345
12.65 -1.08E-01 -1.08E-01 0.105553 33.65 -3.57E-01 -3.57E-01 0.341725
13.7 -1.18E-01 -1.18E-01 0.114672 34.7 -3.78E-01 -3.78E-01 0.360834
14.75 -1.27E-01 -1.27E-01 0.124063 35.75 -4.02E-01 -4.02E-01 0.381819
15.8 -1.37E-01 -1.37E-01 0.133529 36.8 -4.31E-01 -4.31E-01 0.405656
16.85 -1.47E-01 -1.47E-01 0.143031 37.85 -4.72E-01 -4.73E-01 0.434509
17.9 -1.57E-01 -1.57E-01 0.152872 38.9 -6.03E-01 -6.06E-01 0.475408
18.95 -1.67E-01 -1.67E-01 0.162832 39.95 -3.64E+00 -4.29E+01 0.536544
20 -1.78E-01 -1.78E-01 0.172866 41 -2.70E+01 -4.35E+01 0.707445
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 Fig. 6.16 
 
 
x y(Ave) Y (Min) Y (Max)
Sector Symmetric 40 1 5.87E+00 5.18E+00 6.74E+00
2 6.54E+00 6.12E+00 6.89E+00
3 5.30E+00 4.00E+00 6.74E+00
4 4.27E+00 4.18E+00 4.37E+00
Axisymmetric 40 1 5.94E+00 3.43E+00 8.35E+00
2 7.61E+00 6.91E+00 8.09E+00
3 4.79E+00 2.27E+00 7.36E+00
4 1.08E+01 1.05E+01 1.11E+01
